This paper deals with the transmission of a soliton in a discrete, nonlinear, and random medium. A random lattice nonlinear Schrödinger equation is considered, where the randomness holds in the on-site potential or in the coupling coefficients. We study the interplay of nonlinearity, randomness, and discreteness. We derive effective evolution equations for the soliton parameters by applying a perturbation theory of the inverse scattering transform and limit theorems of stochastic calculus.
I. INTRODUCTION
This paper is concerned with the competition between randomness and nonlinearity for wave propagation phenomena in the one-dimensional case. As is well known, in onedimensional linear media with random inhomogeneities strong localization occurs, which means in particular that the transmitted intensity decays exponentially as a function of the size of the medium ͓1-3͔. On the other hand, in homogeneous nonlinear media, wave packets called solitons can be generated. They propagate without change of form and with constant velocities over very large distances ͓4͔. A great deal of work has been devoted to the transmission of a soliton through a slab of nonlinear and random medium, especially in the case of the one-dimensional nonlinear Schrö-dinger ͑NLS͒ equation with cubic nonlinearity ͓5͔. Kivshar et al. ͓6͔ obtained results in the case of a random medium consisting of pure point impurities with a very low density which affect only the potential. In such conditions the authors showed that there is a threshold below which the pulses decay quickly. This fact was experimentally observed in Ref. ͓7͔ . In Ref. ͓8͔ we considered the NLS equation, and assumed that inhomogeneities affect the potential and the nonlinear coefficient. Using the inverse scattering transform, we exhibit several typical behaviors. The mass of the transmitted soliton may tend to zero exponentially ͑as a function of the size of the slab͒ or following a power law; or else the soliton may keep its mass, while its velocity decreases at a very slow rate.
In this paper we consider a lattice version of the NLS equation, so as to take into account the discreteness for the study of the stability of solitons. The discreteness appears in various physical frameworks ͑optical waveguide arrays ͓9,10͔, electric circuits ͓11,12͔, electron trapping in materials ͓13͔, etc.͒, and may induce very different features compared to the continuum NLS equation ͓14͔. The so-called Ablowitz-Ladik ͑AL͒ equation ͓15͔ is the integrable discretization of the continuum NLS equation, so it is the relevant equation to consider in order to point out the role of discreteness in the interplay between randomness and nonlinearity for soliton propagation phenomena. One can find in the literature a few papers that deal with this problem ͓16-18͔. All of them apply the collective variable approximation or the averaged Lagrangian approach, where the solution is sought in a solitonlike form with time-dependent parameters. Then this ansatz is substituted into the Lagrangian of the system, so that a finite-dimensional system of ordinary differential equations is obtained for the set of soliton parameters. The most significant drawback of this method is that it neglects radiation effects. The main result is obtained by Scharf and Bishop ͓16͔: they considered a smooth potential on the one hand and an impurity potential on the other hand. They showed that the collective variable approach is efficient when dealing with a slowly varying potential in the sense that it is almost constant at the scale of the soliton width. We shall consider more general types of perturbations, and proceed under a different asymptotic framework. Our main contribution is that we use the inverse scattering transform, so as to take into account both the variations of the soliton parameters and the radiation effects. Both effects and their interplay are important, and cannot be neglected when the correlation length of the potential is of the same order as the soliton width. The interaction of different length scales are an important issue in localization. Thus the relationship of the width of the soliton and the correlation length of the potential will clearly have a fundamental effect on the questions we are trying to answer. We shall consider the influence of small random perturbations, and aim at reporting possible asymptotic behaviors when the amplitudes of the random fluctuations go to zero and the size of the system goes to infinity. We shall put several interesting features into evidence as a result of the discreteness of the lattice.
The paper is organized as follows. Section II is devoted to a short review of the Ablowitz-Ladik equation and the discrete inverse scattering. We introduce exact traveling solutions ͑soliton solutions͒ of the integrable system, and we also present basic results that are required for our study. In Sec. III we address the random problem at hand: the interaction of a soliton with a random on-site potential. By applying a modified version of the inverse scattering transform, we study the interaction of the soliton and radiation, and we derive an effective system that governs the evolutions of the soliton parameters. This system is carefully studied in Sec. IV. We compare the theoretical results with full numerical simulations of the AL equation in Sec. V. Finally in Sec. VI we consider an Ablowitz-Ladik chain with random coupling coefficients.
II. HOMOGENEOUS ABLOWITZ-LADIK CHAIN
The integrable discretized version of the continuum NLS equation is the so-called AL equation ͓19͔:
This model can be derived from the Hamiltonian
if we take care to adopt the nonstandard Poisson brackets ͓20͔
where the star stands for the complex conjugation. This integrable version supports moving nonlinear localized excitations in the form of lattice solitons, so we can study the effects of site-dependent on-site potentials with the known analytic behavior of the unperturbed dynamics. We shall begin by a short review of the inverse scattering transform applied to the AL equation.
A. Direct transform: The scattering problem
The scattering problem associated with the AL equation is the Ablowitz-Ladik spectral problem ͓15͔
where zC is the spectral parameter. Let us first assume that q n ϵ0. In such conditions, there exists no solution in l 2 of Eq. ͑4͒ whatever z, which means that the discrete spectrum is empty. The continuous spectrum consists of the unit circle of the complex plane S 1 ; the associated eigenspace is of dimension 2, and the pair of functions (e 1 z n ,e 2 z Ϫn ) is a base of the eigenspace associated with the parameter z, where
͑5͒
From now on, we assume q n ϵ " 0.
Continuous spectrum. The so-called Jost functions and are the eigenfunctions which are associated with the eigenvalue z, and which satisfy the following boundary conditions:
If q n decays sufficiently rapidly as ͉n͉→ϱ ͑more exactly for ql 1 ), then n (z)z Ϫn and n (z)z n are well defined for any zS 1 and can analytically continued for ͉z͉Ͼ1. Introducing the involution operator Inv
the vector f associated with a vector f solution of Eq. ͑4͒ is also a solution of Eq. ͑4͒ for the same eigenvalue z. We thus consider also the eigenvectors and which can be defined either as the involutions of and , respectively, or as the eigenfunctions which are associated with the eigenvalue z and which satisfy the following boundary conditions:
n (z)z n and n (z)z Ϫn are analytic for ͉z͉Ͻ1. Furthermore the Jost functions (z) and (z) are linearly independent because their Wronskian
is nonzero. Therefore, they form a base of the space of the solutions of Eq. ͑4͒, so that we have the decompositions
where a and b are the so-called Jost coefficients. If follows from Eqs. ͑12͒ and ͑13͒ in particular that
͑14͒
From this definition we can see that a is well defined over S 1 , and can be analytically continued in the outside of the unit circle. b is well defined over S 1 , but there is no reason to believe that it could be continued out of the circle, except if (q n ) n is exponentially decaying. Furthermore it can be shown by symmetry arguments that ā (z)ϭa*(1/z*) and b (z)ϭb*(1/z*), a is even in z, and b is odd. Finally, letting n→Ϫϱ in the Wronskian relation ͑11͒ yields that, for any zS 1 :
Discrete spectrum. Note that if z 1 , ͉z 1 ͉Ͼ1 is a zero of a, then the functions (z 1 ) and (z 1 ) are linearly dependent, i.e., there exists c 1 such that n (z 1 )ϭc 1 n (z 1 ) for any n Z. Accordingly, and are exponentially decaying as ͉n͉→ϱ. Since a is even, the zeros come in Ϯ pairs. We retain only the zeros with a non-negative real part, and number them from 1 to J. The set of quantities ͕a(z),b(z),z S 1 ;z j ,c j ,aЈ(z j ), jϭ1, . . . ,J͖ is the scattering data for the spectral problem ͓Eq. ͑4͔͒.
B. Time evolutions of the scattering data
The time equations for the scattering data are
where (z)ϭ2Ϫz 2 Ϫz Ϫ2 . Note that (z) is the linear dispersion relation of discrete linear Schrödinger equation. Indeed the linear form of Eq. ͑1͒ is iq nt ϩq nϩ1 ϩq n 1 Ϫ2q n ϭ0, whose dispersion relation is obtained by letting q n ϭz 2n exp(Ϫit).
C. Inverse transform
Given the set of scattering data, we define
where z j ϭ1/z j * , c j ϭc j *z j 2 /aЈ(z j )*, and ␥ u is the positively oriented unit circle. Then we compute the kernel K as the solution of the system:
͑20͒
This equation is the discrete analog of the Gel'fand-LevitanMarchenko integral equation. They are linear summation equations. In such conditions, it can be proved ͓19͔ that q n ϭϪK ͑ n,nϩ1 ͒. ͑21͒
D. Conserved quantities
Conserved quantities can be worked out as in any integrable system ͓21͔.
Proposition II.1. The total mass
and the kinetic energy
are two of the infinite number of conserved quantities for the homogeneous Ablowitz-Ladik chain. The derivation of the set of conserved quantities is based on the expansion of the analytic function ā (z) as z→0.
Lemma II.2. The function ā (z) has an expansion as z →0,
where C j are time independent. In particular,
͑25͒
Proof: The following arguments are taken from Ref. ͓21͔. It can be shown from the scattering problem that
where g n satisfies
͑27͒
These equations are established by relating ā (z) to the eigenfunction by ā (z)ϭlim n→ϱ (Ϫ 2,n z n ). As z→0, g n (z 2 ) has the expansion
We then find from Eq. ͑27͒ that
Thus ā (z), analytic for ͉z͉Ͻ1, has expansion ͑24͒ as z→0. Further, C j are time independent, since ā (z) is time independent. Setting Eqs. ͑29͒ and ͑24͒ equal, one obtains the desired result. It will be necessary below to express the mass and energy in terms of scattering data.
Proposition II.3. Let us define c(z)ªlog͓1ϩ(͉b͉ 2 /͉a͉ 2 )͔ for zS 1 . The total mass and the kinetic energy can be decomposed into the sums of continuous parts and of discrete parts:
Proof: Although the arguments are quite standard, they cannot be found in the literature for the Ablowitz-Ladik problem as far as I know, so I give some more detail for this part. Let j (͉ j ͉Ͼ1) be the squares of the zeros of a, j ϭ1, . . . ,J. We also denote j ϭ1/ j * . Then the function A,
is analytic in ͉z͉Ͼ1 and has no zero. Furthermore it converges to 1 as ͉z͉→0. By Cauchy's integral theorem we thus have 1 2i
for any ͉͉Ͻ1. On the other hand, the function Ā ϭInv(A),
is analytic in ͉z͉Ͻ1 and has no zero. Thus, for any ͉͉Ͻ1,
Summing yields
or, in terms of a and ā ,
We expand this expression with respect to →0 and collect the terms for each power of . Applying lemma II.2 then establishes the equations
where C 1 is given by Eq. ͑25͒. From the conservation relation ͑15͒, for any zS 1 we have ͉a͉ 2 (z)ϭexp"N tot Ϫc(z)… so that Eqs. ͑38͒ and ͑39͒ also read like Eqs. ͑30͒ and ͑31͒.
E. Soliton
Equation ͑1͒ possesses soliton solutions, that is to say waves that propagate at constant velocities with constant envelopes. These solutions are of the form
where
͑42͒
The mass, velocity, and kinetic energy of the soliton are
respectively. The width of the envelope of the soliton is conversely proportional to its mass. The soliton solution ͓Eq. ͑40͔͒ is associated with the following scattering data:
a admits a unique pair of zeros in the outside of the unit circle that are denoted by exp(ikϩ) and Ϫexp(ikϩ). The corresponding Jost functions are
III. INHOMOGENEOUS ABLOWITZ-LADIK CHAIN

A. Random on-site potential
We consider a perturbed Ablowitz-Ladik equation with a nonzero right-hand side:
͑47͒
The small parameter (0,1) characterizes the amplitude of the perturbation. Here we assume that
which means that Eq. ͑47͒ can be derived from the Hamiltonian
͑49͒
Note that we could consider other kinds of perturbations, if they satisfy the condition ''R n (q)q n * is real valued'' ͑which implies that the system is conservative͒. We shall study another random problem in Sec. VI. In the framework of Eq. ͑48͒, the total mass N tot and the total energy defined by
are conserved. Note that ͉E tot ϪE k ͉ is uniformly bounded by N tot ͉ͦV͉ͦ ϱ . The site-dependent potential V is assumed to be a bounded, zero-mean, stationary, and ergodic sequence of random variables. Its autocorrelation function is denoted by
where E stands for the statistical average with respect to the stationary distribution of V. We assume that the potential has enough decorrelation properties so that the series ͚ nϭϪϱ ϱ ͉⌫(n)͉ 1/2 is well defined and finite. We can then introduce the Fourier transform of the autocorrelation function of the potential V
which is non-negative real valued since it is proportional to the power spectral density by the Wiener-Khintchine theorem ͓22͔. For instance, if the random variables are independent and identically distributed ͑discrete white noise͒, then the spectrum of the potential is flat and given by d()ϭ 2 ϭE͓V n 2 ͔ for any . We shall use the inverse scattering transform to study our problem. Indeed the random perturbation induces variations of the spectral data. Calculating these changes we are able to find the effective evolution of the field and calculate the characteristic parameters of the wave. We shall be interested in the effective dynamics of the soliton propagating over long times T/ 2 . The total mass and energy are conserved, but the discrete and continuous components evolve during the propagation. The evolution of the continuous component corresponding to the radiation will be found from the evolution equations of the Jost coefficients. The evolutions of the soliton parameters will then be derived from the conservation of the total mass and energy.
B. Evolution of the scattering data
We now describe the evolutions of the Jost coefficients a and b during the propagation. They satisfy the exact equations ͓23͔ ‫ץ‬a ‫ץ‬t
‫ץ‬b ‫ץ‬t
where F(q n )ϭ( R n *(q) 0 0 R n (q) ). These equations will be needed below when calculating the radiative mass and energy generated by the moving soliton. After some algebra this system simplifies into ‫ץ‬a ‫ץ‬t ϭϪi͑a␥ 1 ϩb␥ 2 ͒, ͑55͒ ‫ץ‬b ‫ץ‬t ϭi͑z ͒bϩi͑ Ϫa␥ 2 *ϩb␥ 1 ͒,
͑56͒
͑59͒
The time independence of ͉a͉ 2 ϩ͉b͉ 2 for any zS 1 is conserved by these equations, which holds true as soon as the total mass is preserved.
C. Adiabatic approximation
The adiabatic approximation consists of assuming a priori that, while the soliton exists, its evolution and the one of the radiated wave do not interact. More precisely, we assume that the time evolutions of the Jost coefficients a and b given by Eq. ͑53͒ depend only on the components of the functions ␥ 1 and ␥ 2 which are associated with the soliton. We can then carry out calculations under this approximation, since it reduces the analysis which provide an expression of the solution q n . A posteriori, we check for consistency that this approximation is actually justified in the asymptotic framework →0. More exactly we show that the components of the functions ␥ 1 and ␥ 2 which correspond to the interplay between the computed radiation and the soliton, or else which originate from the sole effect of the radiation, can be considered as negligible terms for the soliton evolution.
D. Asymptotic regime
Let TϾ0. Let us denote by ⍀ T the set of realizations of the potential (V n ) n such that the wave after propagation over ͓0,T/ 2 ͔ consists of one soliton plus some radiation. We denote by and k the rescaled processes defined on ⍀ T by PROPAGATION OF SOLITONS IN A RANDOMLY . . . PHYSICAL REVIEW E 63 026608 026608-5 (t)ϭ(t/ 2 ) and k (t)ϭk(t/ 2 ) ͑i.e. the parameters of the transmitted soliton at time t/ 2 ), and on the complementary set ⍀ T c by (t)ϭ0 and k (t)ϭ0. We can now state our main convergence result, whose proof is given in Appendix A.
Proposition III.1. Under the adiabatic approximation, the following assertions hold true for any TϾ0: 0,T] converges in probability to the R 2 -valued deterministic function 0,T] which satisfies the system of ordinary differential equations
͑60͒
The functions F and G are equal to
where the function C is the mass density scattered by the soliton with parameters (,k) per unit time. The parameter is related to the spectral parameter z through zϭe i . The exact expression of C is the following:
where the functions 1 and 2 are defined by
The first assertion of the proposition means that the event ''the transmitted wave consists of one soliton plus some radiation'' occurs with very high probability for small , while the second assertion gives the effective evolution equation of the parameters of the transmitted soliton in the asymptotic framework →0.
IV. EFFECTIVE EVOLUTION OF THE SOLITON PARAMETERS
This section is devoted to the study of the evolutions of the parameters of the transmitted soliton. By proposition III.1 these evolutions are given by Eq. ͑60͒. We aim at exhibiting the relevant characteristics of this deterministic system of ordinary differential equations.
A. Linear regime in the approximation µ 0 ™1
System ͑60͒ can then be simplified to a good approximation:
͑65͒
with the initial conditions imposed by the incoming soliton: (0)ϭ 0 and k(0)ϭk 0 . It thus appears that the velocity U of the soliton ͓equal to 2 sin(k)sinh()/Ӎ2 sin(k)͔ is almost constant during the propagation, while the mass N ͑equal to 2) decreases exponentially:
Accordingly the localization length that is defined for a soliton with velocity U as L 1 ϭUT 1 is equal to
The spectrum of the radiation is concentrated around the spectral parameter ϭϪk 0 /2 ͑and Ϫk 0 /2ϩ). This means that the radiation oscillates as exp(Ϫik 0 n). More precisely, the mass density of scattered wave is
It can be noted that, in the limit case 0 →0, the incoming soliton can be approximated by a linear wave packet: 
ͪ . ͑69͒
Note that the dispersion relation for the linear discrete Schrö-dinger equation reads ()ϭ4 sin 2 (/2). The spectrum 0 of the soliton is sharply peaked about k 0 , so that the localization length also reads as L 1 ϭ(2k 0 )/d(2k 0 ). If k 0 Ӷ1, then we regain the well-known continuum limit. The continuum dispersion relation reads ()ϭ 2 . The spectrum of the soliton has a carrier wave number k 0 . Furthermore the spectrum of the scattered wave packet is peaked about the spectral parameter Ϫk 0 /2, which corresponds to the wave number Ϫk 0 . These statements are in agreement with the linear approximation. The localization length L 1 ϭ(2k 0 )/d(2k 0 ) corresponds to the localization length of a monochromatic wave with wave number k 0 scattered by a slab of linear random medium. We have thus recovered the results stated in ͑Ref. ͓24͔ theorem 4.1͒, where the authors showed that, in such a situation, for small enough, the transmission coefficient T satisfies, with probability 1:
B. Nonlinear regime in the approximation µ 0 š1
System ͑60͒ can then be simplified:
with the initial conditions (0)ϭ 0 and k(0)ϭk 0 . The mass density of the scattered wave is
͑72͒
The soliton emits radiation whose spectrum covers all frequencies with a sin 4 form centered at /tan(k)ϩk modulo 2. It can be readily checked that exp()cos(k) is constant during the propagation, which means that the mass of the soliton converges to the limit value N lim , N lim ϭ2 lim ϭ2 0 ϩ2 log"cos͑k 0 ͒…, ͑73͒
while the velocity of the soliton decreases to 0. When k becomes small, system ͑71͒ reads, in simplified form,
Since converges to lim ϭ 0 ϩlog"cos(k 0 )…, this means that the decay of k is governed by
The of the potential d() decays slower than exp(Ϫ/ lim ), then the exponential term is the smallest one, and consequently imposes the decay rate of k:
This logarithmic rate actually represents the maximal decay of the velocity. Whatever the potential V, the terms of the right-hand sides of Eq. ͑75͒ have at least an exponential decay of the type exp(Ϫ/k), which implies lim inf t→ϱ k(t) ϫlog(t)у. However, the decay rate may be much slower. For instance, assume that the spectrum of V has Gaussian shape so that d()ϭ 2 exp(Ϫl c 2 2 ). Then the velocity decreases as the square root of the logarithm of t:
The decay rate (log t) Ϫ1/2 is imposed by the shape of the tail of the spectrum of the random potential V. If the spectrum decays faster than a Gaussian, then the regime corresponding to Eq. ͑77͒ will be still slower. Conversely, if the spectrum decays slower than any exponential, then one can only observe regime ͑76͒.
C. Numerical resolution of the effective system
In the above paragraphs we have reported two domains which are stable with respect to the evolutions of the parameters of the transmitted soliton. We aim at showing here that these regimes are not only stable, but attractive. In order to prove this statement, we are going to solve numerically system ͑60͒ for different incoming solitons, without any assumption about the values of the initial parameters 0 and k 0 . For simplicity, in this section we assume that the spectrum of the random potential is flat d()ϵ 2 , which The initial values of the soliton parameters are 0 ϭ1.2 and k 0 ϭ/4 ͑a͒ and 0 ϭ1.5 and k 0 ϭ/4 ͑b͒. In both pictures, the mass and velocity begin by decaying almost linearly. After this transition regime, the pictures become very different, although the initial values of the parameters are very close. In picture ͑a͒, the velocity tends to a constant positive value, and the mass decays exponentially to zero. In picture ͑b͒, the mass tends to a constant positive value, and the velocity decays to zero at logarithmic rate. means that the potential (V n ) nZ is a sequence of independent and identically distributed random variables and 2 ϭE͓V n 2 ͔. Figures 1-3 plot the evolutions of the parameters of the transmitted soliton as functions of the duration t. The parameter k 0 is chosen at some fixed value for all figures, equal to /4, but the initial mass N 0 ϭ2 0 varies from 0.6 to 12. The striking point is that two different behaviors can be put into evidence, and that they are separated from each other by a critical value 2 c of the initial mass 2 0 .
When 0 Ͻ c ͓Figs. 1 and 2͑a͔͒, after a transition regime where the mass and the velocity decrease as powers, the velocity reaches a stable value U lim . This limit value is very close to the initial value U 0 when 0 Ӷ c . Once the velocity is stable, the mass decreases exponentially with the localization length U lim / 2 ; this regime was described in Sec. IV A.
When 0 Ͼ c ͓Figs. 2͑b͒ and 3͔, after a transition regime where both the mass and the velocity decrease, the mass reaches a stable value N lim which is equal to N 0 Ϫ2 log"cos(k 0 )… if 0 ӷ c . Once the mass is stable, the velocity decreases as /log t, as described in Sec. IV B.
One can also note that the critical point c is unstable. We practically always observe one of the limit behaviors described in Secs. IV A and IV B.
We would also like to comment upon the oscillations of the velocity that can be observed in the left picture of Fig. 3 . These oscillations are due to the discreteness, and they appear in the regime when Ͼ c , but is not very large, so that system ͑71͒ is not strictly fulfilled. One must then reconsider the original system ͑60͒, and consider the asymptotic k→0 and consider that is of order 1. After some algebra one establishes that system ͑60͒ can then be simplified into
w͑ ͒ϭ"cosh͑ ͒Ϫ1…/sinh͑͒.
The first two terms of h(,k) are responsible for the oscillations. Indeed they are of the form cos(w/k) with ͑almost͒ constant w, so they oscillate as k→0.
V. NUMERICAL SIMULATIONS
The results in the previous sections are theoretically valid in the limit case →0, where the amplitudes of the perturbations go to zero and the size of the random system goes to infinity. In this section we aim to show that the asymptotic behaviors of the soliton can be observed in numerical simulations in the case where is small, more precisely smaller than any other characteristic scale of the problem. We use a fourth-order Runge-Kunta method to simulate the perturbed nonlinear Schrödinger equation ͑47͒. This numerical algorithm provides accurate and stable solutions to a large class of systems of ordinary and partial differential equations ͑Ref. ͓25͔, p. 346͒. We checked the accuracy of the method by evaluating the quantities E k and N in the absence of a random potential (ϭ0). They were conserved to a relative error less than 10 Ϫ4 . Let ⌬t be the elementary time step. We denote the initial wave solution by (q n 0 ) nϭ0, . . . ,M Ϫ1 . By induction we compute q jϩ1 ª͓q n "( jϩ1)⌬t…͔ nϭ0, . . . ,M Ϫ1 from q j ª"q n ( j⌬t)… nϭ0, . . . ,M Ϫ1 . Since the time domain is planned to be very long, of order Ϫ2 , the solution will propagate over distances of order Ϫ2 , so that we would have to take a computational domain of size M ϳ Ϫ2 . In order to deal with a tractable problem, we use a shifting computational domain which is always centered at the center of mass of the solution. Moreover, we impose boundaries of this domain which absorb outgoing waves. This can be readily achieved by adding a complex potential which is smooth so as to reduce reflections. We choose to substitute the complex potential Ṽ ϭVϪiV abs for the random potential V,
where M Ϫ1 ͑0͒ is the left ͑right͒ end of the computational domain, and ͓0,M 0 ͔ (͓ M Ϫ1ϪM 0 ,M Ϫ1͔) is the left ͑right͒ absorbing slab. We assume in this section that the random potential V n is a sequence of independent and identically distributed variables, which obey uniform distributions over the interval ͓Ϫ1/2,1/2͔, so that d()ϵ 2 ϭ1/12, We take ϭ0.1. In such conditions 2 2 ϭ 1 12 10 Ϫ2 . The time T will be chosen so large ͑of order Ϫ2 ) that we can observe the effect of the small perturbation V n . We measure the mass and the kinetic energy, of the solution during the propagation, as well as the envelope of the transmitted solution, that we can compare with the envelope of the incident soliton. The mass N( j⌬t) and the energy E k ( j⌬t) are computed at time j⌬t from the data (q n ( j⌬t)) nϭ0, . . . ,M Ϫ1 as
We finally deal with the set of data "E k ( j⌬t)… j in order to compute the velocity of the soliton, which can be computed by Eq. ͑43͒:
We perform different simulations where the initial wave at time tϭ0 is a pure soliton with parameters ( 0 ,k 0 ) centered at x s ϭM /2. In the first one we simulate the homogeneous nonlinear Schrödinger equation ͑1͒, which admits as an exact solution ͑40͒. We can therefore check the accuracy of the numerical method, since we can see that the computed solution maintains a very close resemblance to the initial soliton ͑data not shown͒, while the mass and velocity are almost constant. The other simulations are carried out with various values of the initial parameters ( 0 ,k 0 ) and different realizations of the random potential with ϭ0.1. The simulated evolutions of the soliton parameters are presented in Fig. 4 , and compared with the theoretical evolutions given by Eq. ͑60͒ on the scale t/ 2 . It thus appears that the numerical simulations are in very good agreement with the theoretical results. The simulated masses follow very closely the theoretical ones. This is partly due to the fact that the perturbed equation preserves the total mass,
where c(•) is the density of the scattered mass. This implies stability for the parameter and the mass of the soliton. It also appears that the velocity follows theoretical curves, but also presents quickly varying fluctuations around the theoretical values. This is in fact not surprising. Indeed the perturbed equation preserves the total energy, which can be expressed from Eqs. ͑31͒ and ͑50͒ as
The last term is negligible in the asymptotic framework →0, but when ϭ0.1 it gives rise to local fluctuations of the parameter k and of the instantaneous velocity of the soliton. Figure 5 plots the envelopes of the solution at different times corresponding to one of the simulations, which shows that the wave keeps the basic form of a soliton although it loses some mass. All these results confirm that system ͑60͒ describes with accuracy the transmission of a soliton in a nonlinear Ablowitz-Ladik chain with small random perturbations.
VI. A SECOND RANDOM PROBLEM
We would like to briefly present a second model that describes a random Ablowitz-Ladik chain that could be of interest for applications to discrete spatial solitons in waveguide arrays, for example. We have considered a random on-site potential in the above sections, that corresponds to Hamiltonian system ͑49͒. However, it often happens that the randomness originates from the coupling coefficients, so that the underlying Hamiltonian is HϭϪ2 ͚ n ͑ 1ϩ⌳ n ͒Re͑ q n q nϩ1 * ͒ϩ2 ͚ n log͑1ϩ͉q n ͉ 2 ͒,
͑84͒
where ⌳ n are real-valued random variables. In the planar waveguide framework ͓10͔, the tunnel coupling coefficient 1ϩ⌳ n is proportional to the gap between the guides n and nϩ1. Note that we have normalized the average coupling coefficient to 1, and that ⌳ n stands for the zero-mean fluctuations. If we denote the transverse coordinate of the nth guide by n , we have 1ϩ⌳ n ϭ nϩ1 Ϫ n . The system that governs the evolution of q n is iq nt ϩ"q nϩ1 ͑ 1ϩ⌳ n ͒ϩq nϪ1 ͑ 1ϩ⌳ nϪ1 ͒…͑ 1ϩ͉q n ͉ 2 ͒Ϫ2q n ϭ0. ͑85͒
In such conditions the total mass and the energy defined as Eq. ͑84͒ are preserved. We can then perform the very same study as in the case of a random on-site potential, and come to the same conclusion as the one stated in proposition III.1. The only difference comes from the fact that the expression of the scattered mass density is not Eq. ͑63͒, but a more intricate expression. Nevertheless we can study this expression in some relevant configurations. We have found that the mass density scattered by a soliton with initial parameters k 0 and 0 Ӷ1 has the same shape as one corresponding to the random potential configuration ͑up to a factor 4). The spectrum of the radiation is concentrated around the spectral parameter ϭϪk 0 /2:
Accordingly the localization length for a low-amplitude soliton with velocity Uϭ2 sin(k 0 ) is equal to
If the random coupling coefficients ⌳ n are of the form 1 ϩ⌳ n ϭ nϩ1 Ϫ n , with independent random variables n with variance 2 2 , then d(2k 0 )ϭ4 sin(k 0 ) 2 2 . This implies that the localization length is independent of the soliton parameters: L 2 ϭ Ϫ2 /4. On the other hand, we have found that in the strong nonlinear regime 0 ӷ1 the mass of the soliton converges to the value N 0 ϩ2 log"cos(k 0 )… while the velocity slowly decays to zero. This regime is very similar to the one discussed in Sec. IV B for the random on-site potential.
VII. CONCLUSIONS
We have applied two types of random perturbations to the integrable lattice nonlinear Schrödinger equation. We have studied the propagation of a soliton with mass N 0 ϭ2 0 and velocity U 0 ϭ2 sinh( 0 ) 0 Ϫ1 sin(k 0 ) in these random nonlinear chains. We have found that there exists a critical value of the initial mass of the soliton below which we observe an exponential decay of the mass, and above which an original nonlinear regime prevails which involves the convergence of the mass of the soliton to a calculable positive value and the slow decay of the velocity.
More exactly, in case of a small initial mass N 0 , we have proved that the velocity of the soliton is almost constant, while the mass of the soliton decays exponentially with the size of the system. We have computed the localization length for both types of perturbations. In the case of a large initial mass N 0 , we have shown that the mass of the soliton converges to the value N 0 ϩ2 log"cos(k 0 )…. Furthermore the velocity is found to decrease at logarithmic or sublogarithmic rates to 0.
